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1 Introduction
Tropical algebra is an algebra over the set T := R [ f 1g (we write  1
as ") under two operations maximum and addition, which are denoted by 
and , respectively. With these tropical operations, T has the structure of
semield.
Linear algebra also works over T , which is called tropical linear algebra,
and it is applied to network theory [3]. Moreover, the projective space, which
is a geometric concept, is also dened. The theme of this paper is the limiting
behaviour of a tropical projective transformation, which is given by a tropical
matrix. From now on, we use the adjective classical as the opposite to the
tropical.
A sequence fxkg dened by a recursion
xk+1 = A xk (k 2N)
where A is an irreducible matrix and x0 6= t("; : : : "). As k tends to innity,
xk may diverge. However, if we regard it as a sequence in projective space
TP n 1, the points xk fall into an orbit if k is suciently large. Hence the
whole orbit given by a tropical transformation f is equal to the limit set
Lf =
T
k0 im f
k.
From now, we discuss the case n = 3. The image of f is the equivalence
class of the tropical convex hull (5.15) spanned by the column vectors of
A, called tropical triangle. In general, a tropical triangle is not a classical
triangle. If a tropical triangle is a polygon or a limit of a polygon in classical
sense, it is said to be good [4].
\bad" good
In tropical linear algebra, a matrix with only nonpositive entries is said to
be nonpositive. In addition to this condition, if it has 0's in all the diagonal
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entries, it is called normal [4] [2]. For normal matrices, (8.11) and (8.13) are
proved in [4]. These facts mean that the limit set of tropical transformation
in TP 2 given by a normal matrix is always good.
Then questions arise: what shape does a projective transformation not
necessarily dened by a normal matrix give as the limit set? Does a \bad"
triangle appear as a limit set or is every limit set a good triangle? We classify
limit sets Lf on TP
2 and orbits in Lf of a general representing matrix A.
For a matrix A, there exist permutation matrices P and Q such that
P AQ is normal [4]. This normalization applies dierent changes of the
basis to domain and codomain of the transformation. This is therefore not
appropriate for our aim. In this paper, we only allow to give the same change
of the basis to treat the iteration of a projective transformation: Q = P 1.
To take Q as above, we use the tropical version of Perron{Frobenius' theorem
(5.14). By this theorem, we can suppose 0 as a xed point, hence we can
assume the projective transformations represented by nonpositive matrices
with the condition that the maximum of each row is zero.
The main results are 8.16 and 8.18. In the proof of 8.18, the correspon-
dence between a matrix and a graph plays an important role in calculating
the n-th power of A. We classify the limit set and the orbits in it by in-
variants of representing matrix A, called permanent and some conditions of
cycles in a graph corresponding to A.
2 Tropical Algebra
We dene tropical algebra (T ;;) as
T := R [ f 1g;
a b := maxfa; bg;
a b := a+ b:
Then T becomes a semield where the addition is  and the multiplication
is . The unit of the semield is 0 and the \zero" is  1. We also denote
the  1 by ".
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3 The Tropical Projective Space
For the elements x; y 2 T n+1 n f("; : : : ; ")g, we dene a relation by letting
x  y if there exists some  2 T n f"g such that y =  x. The relation 
is an equivalent relation.
Denition 3.1. The quotient set (T n+1 n f("; : : : ; ")g)= is said to be the
n-dimensional tropical projective space, which is denoted by TP n.
4 Graph Theory
Tropical algebra has a remarkable relationship with a part of graph theory.
In this section we recall the basic denitions of graph theory.
Denition 4.1. A directed graph is an ordered pair G = (V;E) composing a
set V of vertices, which is nite, together with a set E of arrows. The set E
is regarded as a subset of V  V . An element (vi; vj) 2 E is an arrow which
goes from vi to vj. We often denote (vi; vj) by vivj. We often denote V by
V (G) and E by E(G).
From now on, the word \graph" means directed graph. In this paper, the
number of arrows from u to v is only one for any u; v 2 V (G). This enables
us to dene a path of a graph below:
Denition 4.2. A path of a graph G is dened by a nite sequence of vertices
p = (v0; v1; : : : ; vn)
where vi 1vi 2 E(G). The path p is also denoted as v0{vn. The length of a
path is dened by the number of its arrows, counting repetitions. A path is
said to be simple if its arrows are distinct. If its vertices are distinct, it is
said to be fundamental.
Remark 4.3. A path in the graph can also be dened by arrows. Let p be
a path as above. p can be written as
p = e1e2    en
by putting ei = vi 1vi.
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Remark 4.4. All paths are also directed. Notice that u{v 6= v{u where
u; v 2 V (G).
Denition 4.5. Let G be a graph and v be a vertex of G. A closed path of
a graph is a path v{v. A cycle of a graph is a closed path which does not
cross with itself. A cycle of length one is said to be a loop.
The following theorem is well-known.
Theorem 4.6. In a graph with vertices u and v, every path u{v contains a
fundamental u{v path.
Corollary 4.7. Let u and v be vertices of a graph. The path u{v is divided
into a fundamental path from u to v and some cycles.
Denition 4.8. A graph is said to be strongly connected if there exists a
path u{v for any two vertices u and v. However, the trivial graph is called
strongly connected if it has the loop.
Denition 4.9. A weighted graph is a tuple (V;E;w) letting (V;E) be a
graph and w : E ! R be a map. For an arrow e, the value w(e) is said to
be the weight of e.
Denition 4.10. Let G be a weighted graph and p = e1e2    en be a path
of G. We dene the weight of p as
w(p) :=
nX
i=1
w(ei) =
nK
i=1
w(ei):
Denition 4.11. Let A = (aij) be an n  n matrix. A matrix A is said to
be nonnegative if aij  0 for all i and j.
Denition 4.12. An n  n nonnegative matrix A = (aij) corresponds to a
weighted graph GA as follows:
 The vertices of GA are v1; v2; : : : ; vn.
 The weight of the arrow (vi; vj) is aji as far as aij 6= 0. Otherwise the
arrow (vi; vj) does not exist.
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5 Tropical Linear Agebra
Denition 5.1. A matrix with T -entries is said to be a tropical matrix. We
denote the set of nn tropical matrix by M(n;T ). The addition and multi-
plication in M(n;T ) is dened by replacing classical operations for tropical
ones: if we write A = (aij) and B = (bij),
AB := (aij  bij) = (maxfaij; bijg);
AB :=
 
nM
k=1
aik  bkj
!
=

max
1kn
faik + bkjg

:
From now on, the word matrix means an n n matrix.
Proposition 5.2. M(n;T ) is a T -semimodule by the operation above. The
unit is
En =
0BBB@
0 "    "
" 0    "
...
...
. . . "
"       0
1CCCA :
Denition 5.3. Let A;B 2M(n;T ) satisfy AB = B A = En. We call
the matrix B the inverse matrix of A denoting B by A( 1).
Remark 5.4. IfAB = En holds, BA = En also holds since multiplication
is associative.
Denition 5.5. A tropical matrix (aij) is called to be a permutation matrix
if it follows that
aij = log (i)j
where ij is Kronecker's delta and  is an element of n-dimensional symmetric
group Sn.
Denition 5.6. A nonpositive matrix is a tropical matrix with nonpositive
entries. If it has 0's in all its diagonal entries, we call it normal.
Denition 5.7. Let A = (aij) 2M(n;T ) be a tropical matrix. The perma-
nent of A is dened by
permA =
M
2Sn
nK
k=1
ak(k):
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Remark 5.8. The permanent is the \tropical determinant".
Denition 5.9. Let A be a tropical matrix,  2 T be an element, and
v 6= t("; "; : : : ; ") be an element of T n. We call  an eigenvalue of A and v
an eigenvector of A associated with  if they satisfy
A v =  v:
Denition 5.10. A tropical matrix A = (aij) corresponds to a weighted
graph GA like the classical correspondence dened by 4.12 (Notice that the
element, which correspond to classical 0 is " in tropical algebra.):
 The vertices of GA are v1; v2; : : : ; vn.
 The entry aij is the weight of the arrow (vj; vi) as far as aij 6= ".
Otherwise the arrows do not exist.
Remark 5.11. In general, the graph GA has arrows with negative weight,
which is dierent from the classical correspondence.
Proposition 5.12 ([3]). Let A = (aij) be a matrix. If we write A
k = (a(k)ij ),
then it holds for all k  1 that
a
(k)
ij = max
vj{vi of length k
w(vjvi)
where a
(k)
ij 6= ". Otherwise the path does not exist.
Denition 5.13. A tropical matrix A is said to be irreducible if the directed
graph GA associated to A is strongly connected.
For an irreducible matrix the following theorem is known, which is the
tropical version of Perron-Frobenius' theorem.
Theorem 5.14 ([3]). For an irreducible matrix A, the following holds:
 The matrix A has an unique eigenvalue  and  6= ".
 None of the components of the eigenvector associated with  are ".
Denition 5.15. A subset S of Rn is called tropically convex if the set S
contains the point a  x  b  y for all x;y 2 S and all a; b 2 ["; 0]. The
tropical convex hull of a given subset V  R is the smallest tropically convex
subset of Rn which contains V .
Denition 5.16. For an nn tropical matrix A = (a1 a2    an), we denote
a tropical convex hull given by a1;a2; : : : ;an by SpanA. In projective space,
we also write the equivalent class by the same notation.
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6 Standardization of Projective Transforma-
tion
Linear dynamics of TP n is represented by the iteration of a tropical projective
transformation, which is dened by an (n + 1)  (n + 1) matrix. A matrix
corresponding to f is uniquely determined up to  2 T n f"g multiplication.
Therefore we identify a projective transformation f with a matrix A. The
image of f is SpanA like classical one.
From this section we omit to write the tropical multiplication .
Denition 6.1. Let f : TP n ! TP n be a projective transformation dened
by a tropical matrix A. For the map f , we dene the limit set as follows:
Lf =
\
k0
im fk =
\
k0
SpanAk
where fk := f  f      f| {z }
k
, f 0 = TP n:
We standardize the projective transformation by the following proposi-
tion.
Proposition 6.2. For any irreducible tropical matrix A, there exists a tropi-
cal diagonal matrix P without " in its diagonal position such that a projective
transformation dened by P 1AP xes 0.
Proof. By 5.14, an irreducible matrix A has the unique eigenvalue  2 T nf"g
and an eigenvector v 2 T n+1 n f("; "; : : : ; ")g, satisfying
Av = v:
Putting v = t(1;    ; n+1) and P = diag(1; 2;    ; n+1),
PP 1APP 1v = v , P 1APP 1v = P 1v
, P 1AP0 = 0
,  1P 1AP0 = 0
holds. Since  is not equal to ", the last equality means that the projective
transformation dened by P 1AP xes 0.
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By this proposition, we can take representatives from nonpositive matri-
ces under the condition that the maximum of each row is 0 when we discuss
a projective transformation given by an irreducible matrix. From now on, we
suppose the representative of an irreducible matrix which denes a projective
transformation is nonpositive.
7 Linear Dynamics in Tropical Projective Line
All of the matrices in this section are 2 2 tropical matrices.
Theorem 7.1. Let A be an irreducible matrix and f : TP 1 ! TP 1 (x 7!
Ax) be a projective transformation with a xed point 0. Then the limit set
Lf are as follows:
 If permA = 0 holds, Lf is generically a segment in TP 1.
{ If A is normal, the limit set is SpanA and all the points are xed
by f .
{ If A is not normal, the limit set is SpanA2, and the orbits are of
period two with exception of the xed point 0.
 If permA < 0 holds, then Lf is a point set f0g.
Lemma 7.2. If A is normal, then all points in SpanA are xed by f .
Proof. We put A =

0 b1
a2 0

. By 4.7 and 5.12, we have
An = A:
This means that all points in SpanA, which is a segment as far as (a2; b1) 6=
(0; 0), are xed by f .
Proof of 7.1. Suppose permA = 0. Then A is normal or

a1 0
0 b2

. If A is
normal, the claim holds by 7.2. Suppose A is the latter one.
A2 =

0 a1  b2
a1  b2 0

is normal. So A2n = A2 holds.
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On the other hand f satises im fk  im fk+1 for any k 2 N . Therefore
the limit set of f is SpanA2, which is a segment in TP 1 as far as a1 6= 0 or
b2 6= 0.
We assume that the limit set in Y = 0:
Lf = fX j   X   g
where  = a1  b2. Let us take an arbitrary point X 2 Lf n f0g. The image
of X is 
a1 0
0 b1

X
0

=

a1X  0
X  b2

=

0
X

because of
a1 +X     = 0;
X   b2    +  = 0:
The point t(0; X) is equal to t( X; 0) in TP 1. Since X 6= 0, the orbit of X
is of period two. The xed point of f is only the point 0. The pictures of
limit sets and orbits in Y = 0 are below.
0
0
0
0
 
  
b1  a2
 a2b1
Suppose permA < 0. Then we can assume
A =

0 b1
0 b2

where b1 6= 0 and b2 6= 0 up to change of the label of vertices of GA. By 4.7
and 5.12, we get the n-th power of A as
An =

0 b1
0 b1

for any suciently large n 2 Z. The limit set SpanA is f0g.
11
8 Linear Dynamics in Tropical Projective Plane
All of the matrices in this section are 3  3 tropical matrices. Just like
the previous section, a matrix which gives a projective transformation is
nonnegative with the condition that the maximum of each row is 0. Before
discussing the limit set of a projective transformation, we should know some
basic denitions concerning tropical triangles.
Denition 8.1. Let A(a) and B(b) be points in T 2 n f("; ")g. The tropical
segment AB is an equivalence class of a tropical convex hull generated by the
two points A(a) and B(b):
AB :=

[ a  b] 2 TP 2
   = 0;"    0; "    0

:
A A
B
B BA
Denition 8.2. Let A(a), B(b) and C(c) be points in T 3 n f("; "; ")g. The
tropical triangle in TP 2 is the set of an equivalence class of a tropical convex
hull generated by the three points A(a), B(b) and C(c):
4ABC =

[a b c] 2 TP 2
    = 0;"  ; ;   0

:
B
C
A
A
B
C
Remark 8.3. A tropical triangle can be denoted by SpanA.
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Denition 8.4. A tropical triangle ABC is said to be good if the edges are
jointed pairwise only at their edge points:
AB \ BC = fBg; BC \ CA = fCg; CA \ AB = fAg:
A good triangle is characterized by the following lemma.
Lemma 8.5 (Theorem 2 in [1]). Let A =
0@a1 b1 c1a2 b2 c2
a3 b3 c3
1A be a tropical matrix.
SpanA is good if and only if the following six inequalities hold:
b1   b2  a1   a2  c1   c2;
a2   a3  c2   c3  b2   b3;
c3   c1  b3   b1  a3   a1:
Remark 8.6. We call SpanA good if the six inequalities hold. It can be of
dimension one or less.
Denition 8.7. Let  be an element of the symmetric group S3 and P
be a permutation matrix dened by . For a nonnormal but nonpositive
matrix A, we dene the type of A if 0's are located in the same position of
P, noticing that  is a cyclic permutation of length three or less, as follows:
 A is said to be of transposition-type if  is of length two.
 A is said to be of 3-cycle-type if  is of length three.
However, if A seems to be both of transposition-type and of 3-cyclic-type
at the same time, we dene the type of A as 3-cyclic-type. Since A is not
normal,  is not the identity.
Remark 8.8. The type is not dened for all nonpositive matrices.
Example 8.9. A matrix
0@ 1 0  20  1 0
0  10 0
1A is of 3-cycle-type. For the matrix0@0  1  40  2  6
0  3  8
1A, the type is not dened.
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Lemma 8.10. For a nonpositive matrix A, permA = 0 is equivalent to
either A being normal or the type of A being denable.
Proof. It clearly follows by the denition of the permanent.
Lemma 8.11. (Lemma 1 in [4]) Let f : TP 2 ! TP 2 (x 7! Ax) be a map
with a xed point 0. If A is normal, then the limit set Lf is equal to SpanA
2.
Proof. Put A =
0@ 0 b1 c1a2 0 c2
a3 b3 0
1A . Then the second and third power of A are
A2 =
0@ 0 b1  b3c1 c1  b1c2a2  a3c2 0 c2  a2c1
a3  a2b3 b3  a3b1 0
1A ;
A3 = A2A =
0@ 0 b1  b3c1 c1  b1c2a2  a3c2 0 c2  a2c1
a3  a2b3 b3  a3b1 0
1A :
A2 = A3 means that f xes all the points in SpanA2, therefore the limit set
Lf is SpanA
2.
Corollary 8.12. If A is a normal matrix, we have An = A2 for any n  2.
Lemma 8.13. (Lemma 2 in [4]) A normal matrix A is idempotent if and
only if SpanA is good.
Proof. Suppose A =
0@ 0 b1 c1a2 0 c2
a3 b3 0
1A is idempotent. The equality A = A2 is
equivalent to following inequalities:
a2  a3 + c2; b1  b3 + c1; c1  b1 + c2;
a3  a2 + b3; b3  a3 + b1; c2  a2 + c1:
This is the same condition given in 8.5.
Lemma 8.14. Let f : TP 2 ! TP 2 (x 7! Ax) be a map with a xed point
0. The limit set Lf is good if permA = 0 holds.
Proof. A matrix A with permA = 0 satises that A6 is normal. By 8.11, A12
is normal and idempotent. The claim holds by 8.13.
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The dimension of Lf is characterized by the strong connectivity of the
subgraph NA of GA where NA is dened by paths with weight 0 belonging to
some zero cycles in GA. We denote the maximum length of the cycles in NA
by c.
Proposition 8.15. Let f : TP 2 ! TP 2 (x 7! Ax) be a map with a xed
point 0 and A be normal. The following statements hold:
 If NA is strongly connected, then Lf is of dimension zero.
 If NA is not strongly connected, then the dimLf = 3  c holds.
Proof. Up to the change of the label of the vertices, NA is isomorphic to one
of the following:
1
32
(i)
1
32
(ii)
1
32
(iv)
1
32
(v)
1
32
(vi)
1
32
(vii)
1
32
(iii)
From (iii) to (vii) are all strongly connected and the others are not. (i)
is the case c = 1 and (ii) is the case c = 2. The matrices corresponding to
the graphs above are as follows:
(i) A =
0@ 0 b1 c1a2 0 c2
a3 b3 0
1A, A2 =
0@ 0 b1  b3c1 c1  b1c2a2  a3c2 0 c2  a2c1
a3  a2b3 b3  a3b1 0
1A.
This leads to dimLf = 2 = 3  c.
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(ii) A =
0@ 0 0 c10 0 c2
a3 b3 0
1A, A2 =
0@ 0 0 c1  c20 0 c2  c1
a3  b3 b3  a3 0
1A.
This leads to dimLf = 1 = 3  c.
(iii) A =
0@0 0 00 0 c2
0 b3 0
1A, A2 =
0@0 0 00 0 0
0 0 0
1A.
(iv) A =
0@ 0 b1 00 0 c2
a3 0 0
1A, A2 =
0@0 0 00 0 0
0 0 0
1A.
(v) A =
0@ 0 0 00 0 c2
a3 0 0
1A, A2 =
0@0 0 00 0 0
0 0 0
1A.
(vi) A =
0@0 0 00 0 c2
0 0 0
1A, A2 =
0@0 0 00 0 0
0 0 0
1A.
(vii) A =
0@0 0 00 0 0
0 0 0
1A, A2 =
0@0 0 00 0 0
0 0 0
1A.
From (iii) to (vii) the dimension of SpanA2 is zero.
Theorem 8.16. Let A be an irreducible matrix with permA = 0 and f :
TP 2 ! TP 2 (x 7! Ax) be a map. The following hold:
 If A is normal, then Lf is given by SpanA2 and any points in Lf are
xed by f . The dimension of Lf is as follows:
{ If NA is strongly connected, then the dimension of Lf is zero.
{ If NA is not strongly connected, then the equality dimLf = 3   c
holds.
 If A is of transposition-type, then Lf is given by SpanA4. The order
of the orbits in Lf is two or less.
{ If NA is isomorphic to G, it leads to dimLf = 2 and the xed
point set is a tropical segment.
{ If NA is isomorphic to a graph which we get by adding only loops
to G, it leads to dimLf = 1 and all the points of Lf are xed by
f .
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{ If NA is isomorphic to a graph which we get by adding loops and
a cycle of length two, it leads to dimLf = 0.
 If A is of 3-cycle-type, then Lf is given by SpanA6. The order of orbits
are three or one and the following hold:
{ If NA is isomorphic to H, then we have dimLf = 2.
{ Otherwise we have dimLf = 0.
G H
Lemma 8.17. Let A be a 3 3 matrix with permA = 0.
 If A is of transposition-type, the limit set is SpanA4. And A4 is one of
the following:0@0   0 
  0
1A ;
0@0   0 
  0
1A or
0@0   0 
  0
1A
where 0     + .
 If A is of 3-cycle-type, the limit set is SpanA6 and
A6 =
0@0   0 
  0
1A
where 0    2 and 0    2.
Proof. It becomes clear by direct calculation.
For any matrix T of transposition-type, there exists a permutation matrix
P such that
P 1TP =
0@a1 0 c10 b2 c2
a3 b3 0
1A :
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So without loss of generality we can assume A =
0@a1 0 c10 b2 c2
a3 b3 0
1A. Then A4 is
the rst one in the claim by putting  = a3b3;  = c1c2;  = a1b1.
For the same reason, we prove the statement only for the matrix A =0@a1 b1 00 b2 c2
a3 0 c3
1A. Then A6 is the rst one by putting  = d2  e;  = d  e2
where d = a1  b2  c3; e = a3  b1  c2.
Proof of 8.16. For normal matrices, goodness of Lf is already proved in [4].
By 8.15 the dimension of Lf is clear.
Therefore, we prove the case of transposition-type and 3-cycle-type.
First, we prove the case of transposition-type. Let A =
0@a1 0 c10 b2 c2
a3 b3 0
1A be
of transposition-type, meaning (a1; b2; c3) 6= (0; 0; 0), and (b3; c1); (a3; c2) 6=
(0; 0). Then A2 is normal. By 8.11, A2n = A4 holds. On the other hand, for
n  4,
SpanAn = SpanAn+1
holds. This means that Lf is given by SpanA
4. It follows that Lf is good
by 8.13. By 8.17
A4 =
0@0   0 
  0
1A
holds where  = a1b2;  = a3b3;  = c1c2. We putA4 = (p1 p2 p3).
Suppose NA is isomorphic to G, then it leads to 0 >   + . By these
inequalities, we obtain dimLf = 2. Since A
5 = (p2 p1 p3), we have
An =
(
A5 (n : odd)
A4 (n : even)
for n  4. Therefore the order of the orbits is two or less. On the plane
Z = 0, the limit set Lf is written as
Lf =
8<:(X; Y )

  X   ;
  Y   ;
  X   Y   
9=; :
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(  ; )
( ;   )
(; )
Now we prove the xed point set is F = f(X;X) j   X   g. Let us
take a point (X;X) 2 F . Then the image of the point is0@a1 b1 00 b2 c2
a3 0 c3
1A0@XX
0
1A =
0@a1X X  c1X  b1X  c2
0
1A =
0@XX
0
1A ;
since a1; b1  0 and c1  c2 =   X. Hence the points in F are xed by f .
We take a point (X; Y ) 2 Lf nF and then either X > Y or X < Y holds.
The image of the point is0@a1 b1 00 b2 c2
a3 0 c3
1A0@XY
0
1A =
0@a1X  Y  c1X  b2Y  c2
0
1A =
0@a1X  YX  b2Y
0
1A : (1)
Suppose X > Y , then (1) is equal to t(Y;X; 0) since we assumed b2 < 0, and
Y   (X + a1)  Y   (X + ) = Y  X     0
holds. In case Y > X we obtain the image t(Y;X; 0) as well. If it is xed by
f , X = Y must hold but it contradicts to the assumption. Thus it follows
that the xed point set of f is F .
From tropical point of view, F is a tropical segment whose edge points are
t( ; ; 0) and t(; ; 0) in Z = 0. Since t( ; ; 0) is equal to p1  p2,
F is written as
F = f(p1  p2) p3 j   = 0; "  ;   0g
meaning that F is of dimension one.
Suppose NA is isomorphic to a graph which we get by adding only a loop
to G. It leads to either a1 = 0 or b2 = 0, and this gives  = 0. Then,
A4 =
0@0 0 0 0 
  0
1A
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and (; ) 6= (0; 0) hold. Since p1 and p2 are equal to each other, Lf is of
dimension one. Let us take a point p 2 Lf , then we have p = p1  p2 for
some  and  where   = 0. Since the images of p1 and p3 are
Ap1 = p1; Ap3 = Ap3;
any point in Lf is xed by f .
Suppose NA is isomorphic to a graph which we get by adding loops and
a cycle of length two to G. Then it leads to  = 0 and  = 0. We also have
 = 0 therefore
A4 =
0@0 0 00 0 0
0 0 0
1A
holds. This means that Lf is f0g, which is of dimension zero.
Second we prove the case of 3-cycle-type. Let A =
0@a1 b1 00 b2 c2
a3 0 c3
1A be of
3-cycle-type, meaning (a1; b2; c3) 6= (0; 0; 0). Since A3 is normal, A3n = A6
holds for n  2. A6 is idempotent, therefore SpanA6 is good. On the other
hand, for n  6
SpanAn = SpanAn+1
holds. This means Lf = SpanA
6. By 8.17,
A6 =
0@0   0 
  0
1A
where  = d2 e and  = d e2 under d = a1 b2 c3 and e = a3 b1 c2.
We put A6 = (q1 q2 q3).
Assume NA is isomorphic to H. Then it follows that d < 0 and e < 0.
This means  < 0 and  < 0. Therefore we have dimLf = 2. The seventh
and eighth power of A are A7 = (q2 q3 q1) and A
8 = (q3 q1 q2). So we have
An =
8><>:
A6 (n  0 mod 3)
A7 (n  1 mod 3)
A8 (n  2 mod 3)
for n  6. By this periodicity, the order of the orbits in Lf is three or less.
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Now we prove that the x point set is f0g. Since f xes 0 by assumption,
it suces to prove no other point in Lf is xed by f . In the plane Z = 0, Lf
is written as
Lf =
8<:(X;Y )

  X   ;
  Y   ;
  X   Y   
9=; :
( ;   )
(  ; )
(; )
Let us take a point (X; Y ) 2 Lf n f0g. Then the image is
A =
0@a1 b1 00 b2 c2
a3 0 c3
1A0@XY
0
1A =
0@ 0X  b2Y  c2
a3X  Y  c3
1A =
0@ 0X
Y
1A
since c2  ; c3   and
X   (b2 + Y ) = X   Y   b2  X   Y   d  X   Y     0;
Y   (a3 +X) = Y  X   a2  Y  X   e  Y  X     0:
Suppose it is a xed point, the following equivalences hold:0@XY
0
1A =
0@  YX   Y
0
1A, (X =  Y
Y = X   Y , X = Y = 0:
This contradicts to t(X; Y ) 6= (0; 0). Now it is clear that the xed point set
is f0g.
On the other hand, the following equalities hold for any points t(X; Y; 0) 2
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Lf n f0g: 0@a1 b1 00 b2 c2
a3 0 c3
1A0@XY
0
1A =
0@ 0X
Y
1A ;
0@a1 b1 00 b2 c2
a3 0 c3
1A0@ 0X
Y
1A =
0@Y0
X
1A ;
0@a1 b1 00 b2 c2
a3 0 c3
1A0@Y0
X
1A =
0@XY
0
1A :
Thus all the points in Lf n f0g are on an orbit of period three.
Assume NA is not isomorphic to H, then d e = 0 leading to  =  = 0.
Then we have
A6 =
0@0 0 00 0 0
0 0 0
1A :
Therefore Lf = f0g, which is of dimension zero.
Theorem 8.18. Let A be an irreducible matrix with permA < 0 and f :
TP 2 ! TP 2 (x 7! Ax) be a map with a xed point 0. The following hold:
 If GA has two zero loops, then the limit set is generically of dimension
one. If the vertices with the zero loops are contained in a zero cycle of
length two, the limit set is of dimension zero.
 If GA has only one zero loop, then the limit set is of dimension zero.
 If GA has no zero loops, then the limit set is of dimension one.
Proof. We write the number of zero loops as c.
Case 1. c = 2: without loss of generality, we can assume that the matrix
A has 0's in (1; 1) and (2; 2) position depending on the change of the labels
of vertices of GA:
A =
0@ 0 b1 c1a2 0 c2
a3 b3 c3
1A
where c3 < 0; (b3c2); (a3; c1) 6= (0; 0); (a2; b3; c1); (a3; b1; c2) 6= (0; 0; 0). To
obtain the n-th power of A for any suciently large n 2N , we evaluate the
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maximum weight of length n, relaying on 5.12. By 4.7 every path vi{vj is
divided into a fundamental path and some cycles. Since permA is negative,
every cycle except for the loops has a negative weight. Therefore the path
with maximum weight contain as many loops at v1 or v2 as possible. By this
fact the n-th power of A is as follows:
An =
0@ 0 b1  b3c2 c1  c2b1a2  a3c2 0 c2  c1a2
a3  a2b3 b3  b1a3 c1(a3  a2b3) c2(b3  b1a3)
1A :
Therefore if we write An = (p1 p2 p3),
p3 = c1p1  c2p2
holds. This means that the limit set of f is a tropical segment spanned by
p1 and p2 in TP
2. The point p3 is not always equal to others, so the limit
set is not necessarily good. Since the map xes 0, the point 0 is an interior
point of the segment as far as p1 and p2 are not parallel.
Assume p1 and p2 are parallel, the p1 = p2 holds. The proof is below:
By assumption there exists a  6= " such that p1 = p2. We put
p1 =
0@ 0r1
r2
1A ; p2 =
0@s10
s2
1A ;
where ri; si  0. The condition  6= 0 contradicts to ri; si  0 comparing rst
and second components of the equality p1 = p2. Therefore  = 0 holds.
Suppose the vertices with zero loop are contained in zero cycle of length
two, then a1 = b2 = 0 holds and we have p1 = p2 leading to the limit set
being of dimension zero.
Case 2. c = 1: without loss of generality, we can assume that 0 is located
in (1,1) entry:
A =
0@ 0 b1 c1a2 b2 c2
a3 b3 c3
1A
where b2; c3 < 0; (b3; c2) 6= (0; 0); (a2; b3; c1); (a3; b1; c2) 6= (0; 0; 0). We evalu-
ate the maximum weight of paths in the graph associated with A from vi to
vj of length n which is a suciently large integer. As well as Case 1, we have
An =
0@ 0 b1  b3c1 c1  c2b1a2  a3c2 (a2  a3c2)(b1  b3c1) (a2  a3c2)(c1  c2b1)
a3  a2b3 (a3  a2b3)(b1  b3c1) (a3  a2b3)(c1  c2b1)
1A :
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The column vectors are parallel. This means that the limit set of the linear
map given by A is a point set ft(0 a2  a3c2 a3  a2b3)g. Since f xes 0, we
have Lf = f0g.
Case 3. c = 0: in this case we can assume GA has no loops but one cycle
of length two. The reason is as follows: if we assume GA contains a cycle
of length three, permA = 0 holds, but this contradicts to the assumption.
Suppose GA has no cycle of length two. This contradicts to the condition
that the point 0 is xed by f .
By change of the label of the vertices of GA, we can assume without loss
of generality that the matrix A below:
A =
0@a1 0 c10 b2 c2
a3 b3 c3
1A
where a1; b2; c3 < 0; (a1; b3; c2); 6= (0; 0; 0); (a3; c2) 6= (0; 0). Since the second
power of A is
A2 =
0@ 0 a1  b2  b3c1 a1c1  c2  c1c3a1  b2  a3c2 0 c1  b2c2  c2c3
a1a3  b3  a3c3 a3  b2b3  b3c3 a3c1  b3c2  c23
1A ;
it is reduced to Case 1.
Now we prove the limit set is of dimension one. We put
A2 =
0@ 0 b01 c01a02 0 c02
a03 b
0
3 c
0
3
1A ;
then
A2n =
0@ 0 b01  b03c02 c01  c02b01a02  a03c02 0 c02  c01a02
a03  a02b03 b03  b01a03 c01(a03  a02b03) c02(b03  b01a03)
1A
holds by proof of Case 1. Suppose the limit set SpanA2n is of dimension
zero, then both a02 a03c02 = 0 and b01 b03c02 = 0 must hold. The rst equality
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is below:
a02  a03c02 = (a1  b2  a3c2) (a1a3  b3  a3c3)(c1  b2c2  c2c3)
= a1  b2  a3c2  a1a3c1  a1a3b2c2  a1a3c2c3
 b3c1  b3b2c2  b3c2c3  a3c3c1  a3c3b2c2  a3c23c2
= a1  b2  a3c2  b3c1  b3c2c3  a3c3c1
= 0:
But this contradicts to the assumptions permA < 0, a1 6= 0, b2 6= 0 and
c3 6= 0. It leads to a02 a03c02 6= 0. Therefore the limit set is of dimension one.
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